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Machine learning the entropy to estimate
free energy differences without sampling
transitions
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Thermodynamic phase transitions, a central concept in physics and chemistry, are typically controlled
by an interplay of enthalpic and entropic contributions. Inmost cases, the estimation of the enthalpy in
simulations is straightforward but evaluating the entropy is notoriously hard. As a result, it is common
to induce transitions between the metastable states and estimate their relative occupancies, from
which the free energy difference can be inferred. However, for systems with large free energy barriers,
sampling these transitions is a significant computational challenge. Dedicated enhanced sampling
algorithms require significant prior knowledge of the slow modes governing the transition, which is
typically unavailable. We present an alternative approach, which only uses short simulations of each
phase separately. We achieve this by employing a recently developed deep learning model for
estimating the entropy and hence the free energy of each metastable state. We benchmark our
approach by calculating the free energies of crystalline and liquid metals. Our method features state-
of-the-art precision in estimating themelting transition temperature in Na and Al without requiring any
prior information or simulation of the transition pathway itself.

Estimating the relative stability of different phases that are separatedbyhigh
free energy barriers is a challenging task. To compare between phases,
simulations must ergodically sample the relevant regions of phase space.
However, due to the high free energy barriers, transitions are rare and
metastable states persist for long timescales. Consequently, standard
simulation techniques cannot sample transitions within feasible computa-
tional times1.

Various approachesweredeveloped to enhance the sampling efficiency
of rare transitions. Many of them, such as Metadynamics2–6, Umbrella
Sampling7,8, Gaussian accelerated molecular dynamics9, or on-the-fly
probability enhanced sampling10–13, bias the system to induce transitions.
These methods rely heavily on the identification of suitable collective
variables (CVs), which should represent the slowmodes of the system. This
limits their applicability, since identifying appropriate CVs in condensed
phases is challenging14.

If, instead, we could estimate the entropy of each phase
directly, without inducing transitions between the phases, we would
be able to evaluate free energy differences using the thermodynamic

relation

Δg ¼ Δh� TΔs: ð1Þ

In Eq. (1),Δg is the free energy density difference,Δh is the enthalpy density
difference, and Δs is the entropy density difference between the phases15.
Note that this procedure is agnostic to the details of the transition path
between metastable states. The challenge with this approach is that while
calculating the enthalpy is straightforward, evaluating the entropy is gen-
erally an open problem: The enthalpy depends only on the energy, pressure
and volume, which are routinely evaluated in simulations, but computing
the entropy requires the partition function.

One line of work that estimates entropy from separate unbiased
simulations is the 2PT method, which computes a dynamical density of
states from the velocity autocorrelation function and decomposes it into
diffusive and vibrational contributions16. However, the accuracy of the
standard gas-solid partition can degrade for some liquids and dynamically
unstable phases. By improving the treatment of the diffusive component,
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this work was also extended for liquidmetals to obtainmore accurate liquid
entropy estimates17.

A comprehensive review of methods for direct entropy estimation is
beyond the scope of this paper, andwe focus on select recentworks. Avinery
et al.18 and Martiniani et al.19 leveraged established lossless compression
algorithms to bound the information content of a sequence of sampled
microstates, which is equivalent to the thermodynamic entropy. The
applicability of these methods depends on the performance of the under-
lying compression algorithm to the problem at hand20. Since compression
algorithms treat data as a one-dimensional string, this approach works well
for systems with a natural sequential structure, but faces difficulties when
forcing more complicated geometries into a 1D sequence21. More recently,
Sorkin et al. developed a novel upper bound on the entropy, based on
correlations between various degrees of freedom22,23. These methods are
promising, and successfully estimated the entropy in model systems, but
were not applied to molecular simulations of phases separated by high free
energy barriers.

Machine learning algorithms have also been successfully used to esti-
mate the entropy inphysical systems.Gelmanetal. estimated theprobability
density ofmicrostates directly by training an auto-regressivemodel24. Then,
they calculated the entropy from the log-probability. However, this method
is limited to lattice systems in two dimensions, and does not scale well with
system size. Generative models have recently been proposed to directly
sample from the Boltzmann distribution25, with recent extensions advan-
cing these approaches26,27, where free energy, in principle, can be inferred
from the relative frequencies of metastable states. Petersen et al. even used
diffusionmodels to generate whole trajectories recently28.While promising,
they have so far been applied mostly to small molecules29. Most relevant to
thiswork is amethodcalledMICEbyNir et al.30. They estimated the entropy
bymapping the problem to an iterative process ofmutual information (MI)
estimation at different length scales. The latterwas done by representing the
MI as an optimization problem, parameterized by a neural network, as
proposed by Belghazi et al.31.

We adopt the MICE approach and combine it with molecular
dynamics (MD) simulations for the first time. This offers a new method to
estimate the entropy and relative stability of phases separated by high free-
energy barriers. Our computationally efficient approach for learning the
entropy requires only short simulations of each phase separately. It offers an
accurate calculation of the critical temperature of melting phase transitions
without the need for prior knowledge of the system (CVs) and without
sampling transitions. We demonstrate the usefulness of our approach in
estimating the melting temperature of Na. Without any changes to the
model architecture or hyperparameters, our approach also accurately esti-
mates the melting temperature of Al.

Results
MICE framework
Thecentral conceptunderlyingMICE is that the entropy canbe estimated as
the sumofMI contributions at different length scales. Consider two random
variables A and B. Their mutual informationMI(A, B) is defined as:

SðA; BÞ ¼ SðAÞ þ SðBÞ �MIðA;BÞ; ð2Þ

where S(A, B) is the entropy of the joint distribution and S(A), S(B) are the
marginal entropies.MICE uses this relationship to replace the estimation of
the total entropy with that of the entropies of the subsystems and their MI.
This approach is useful because the computational complexity of entropy
estimation is exponential in the system size. By breaking the system into
smaller, more manageable parts, while keeping track of the MI between
them, the overall computational demands are significantly reduced.

Consider a physical system X0 of volume V0, which is split into two
equal parts of volume V1 ¼ 1

2V0. We treat X0 as a random variable drawn
from the Boltzmann distribution. If the system is translationally invariant
(which is the case far from boundaries or with periodic boundary condi-
tions), the twohalves are statistically identical and canbebothdenoted asX1.

With this setup, Eq. (2) simplifies to:

SðX0Þ ¼ 2SðX1Þ �MIðX1Þ; ð3Þ

where MI(X1) is the mutual information between the two subsystems X1.
This process can be repeated for increasingly smaller systems, resulting in

sðX0Þ ¼ sðXmÞ �
1
2

Xm

k¼1

MIðXkÞ
Vk

; ð4Þ

where s(Xk) = S(Xk)/Vk is the entropy density for a subsystem Xk with
volume Vk, see Supplementary Information for details and derivation. For
later use, we also denote the interface area between two neighboring Xk

systems by Ak. Eq. (4) decomposes the entropy S into contributions from
different length scales. The entropy density of the smallest subdivision,
s(Xm), is calculated directly by brute force enumeration, relying on sym-
metry considerations, see SI, “Direct estimation of Xm" for details. In our
application, we continue the division until Xm is small enough such that it
contains a single particle on average. Since the volume of Xk decreases
exponentially with k, the required number of subdivisions is logarithmic in
the system size.

MI estimation and system representation
To estimateMI(Xk), we employ the Mutual Information Neural Estimator
(MINE)31, which we describe here briefly. The method relies on the repre-
sentation ofMI between two random variables X and Y as the supremum
over all real functions T ðX;YÞ32,

MIðX;YÞ ¼
sup
T

EPXY
T ðX;YÞ½ � � log EPX�PY

eT ðX;YÞ� �� �n o
:

ð5Þ

Here, PXY is the joint probability distribution of the two variables and
PX �PY is the product of their marginal distributions. Then, MI is esti-
mated by parameterizing T with a neural network, and optimizing its
weights. Since there is no guarantee that the optimizationwillfind the global
supremum, this procedure bounds the true MI from below, resulting in an
upper bound on the entropy (Eq. (4)).

To apply MICE, we first sample equilibrium snapshots for each phase
by running separate, standardMDsimulations.OurX0 is anMDsimulation
box with periodic boundary conditions, see below for details. We obtain
samples for each subdivision k from PXkXk

by choosing a volume Vk in a
random location out of the original simulation box. Samples from PXk

�
PXk

are generated by stitching together two halves of randomly chosen
samples from the joint distribution. We then train a neural network to
optimize Eq. (5). Figure 1 (left) shows representative training curves for a
typical subdivision of solid and liquid Na. While the training curves are
noisy33, a running average shows convergence to different MI estimations
for the two phases, whichwe take as the estimate forMI(Xk).We repeat this
procedure fork=1, . . . ,m and for eachphase separately. The entropyofX0 is
obtained by summing over all subsystems through Eq. (4).

A key component of the method is the choice of representation of the
configurationsXk for training.Many choices are possible, andherewe adopt
the representation used in ref. 30: a cubic grid with n3 voxels, each of side
length p. The value of a voxel is 1 if it contains at least one atom, and zero
otherwise. As n increases, the embedding resolution increases, which we
measure through the dimensionless numberR = σ/p, where σ is the nearest-
neighbor distance in the experimental crystal structure. Figure 1 (middle)
shows that theMI converges for R ≈ 10 for Na.

Another important point is that, since we are dealing with bulk
properties, X0 of Eq. (4) should be large enough to represent an effectively
infinite system. The size of X0 should thus be chosen such that it minimizes
finite-size effects on the one hand, but is numerically manageable on the
other hand. This “sweet spot” can be obtained by using the asymptotic area
law of the entropy34: At length scales larger than the longest correlation
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length,MI(Xk) should scale linearly withAk. Indeed, Fig. 1 (right) showsMI
as a function ofAk for increasing system size.We find that for small systems
MI scales super-linearly with Ak, and becomes linear for larger systems, see
dashed lines in Fig. 1 (right). We choose X0 of Eq. (4) to be slightly larger
than this crossover size.This allowsus to take thebulk limit of infinitely large
X0 analytically, under the assumption that for systems larger than X0, we
haveMI(Xk) = αAk, where α can be estimated from the linear fit in the right
panel of Fig. 1.As shown in SI “ExtrapolatingMICE to bulk properties using
the area law", ifX0 is large enough tobe in the area lawregime, this procedure
results in

s ¼ sðX0Þ � 3
αA0

V0
: ð6Þ

MI and entropy difference in Na
Figure 2 shows the MI per atom for solid and liquid Na for the different
subsystems divisions of the MICE procedure (Eq. (4)). As expected, since
structural information is encoded in long wavelengths, the difference inMI
between the solid and liquid phases decreases for smaller subsystems with
fewer atoms and vanishes for subsystems containing only one atom. The
jump in MI per atom every three divisions corresponds to a divide with a
large aspect ratio of interface area to volume (Fig. 2 (inset)).

With Eq. (4) and Eq. (6), theseMI estimations are used to calculate the
specific entropy density difference between the phases, Δs. Results are
shown in Fig. 3a, c (labeled “MICE"), and compared to the estimates cal-
culated from the same unbiased single-phase simulations using the first and
the second order entropy expansions, sid and s2 (labeled “MD"). In addition,
we show the WT-MetaD estimates which are obtained by fitting a linear
trend to Δg values at different temperatures and using Eq. (1) (labeled
“MetaD"). Enthalpy estimation in all three methods is also plotted, and is
identical for MD and MICE simulations by definition, since they both use
time averages of the same unbiased dynamics.

Unsurprisingly, it is seen that Δsid+ Δs2 provides a poor estimation of
the entropy difference. If combined with the measured enthalpy difference,
it would predict a melting temperature of about 295 K, a relative error of
~20% in comparison to the experimental melting temperature. In ourWT-
MetaD calculations, the entropy is underestimated, but the resulting pre-
diction of Tm lies within several kelvin of the experimental value, due to a
cancellation of a similar error in Δh. This tendency was reported for crys-
tallization transitions and is consistent with the known bias compression
factor of WT-MetaD3,35. MICE, on the other hand, produces a modest
overestimation in Δs, and an unbiased estimation of Δh, which yield a
melting temperature closer to the experimental value for this benchmark.

Transferability to Al
After establishing that our method works reliably for the melting transition
of Na, we applied exactly the same network, with identical hyperparameter

settings (layer sizes, dropout, etc.), to a similar dataset for solid and liquidAl.
This dataset was prepared with a similar voxel resolution and mean atomic
density. Without any additional tuning or architectural changes, the model
converged smoothly and delivered MI estimates, and consequently Δs
estimates, which were used to predict the melting temperature, mirroring
the accuracy obtained for Na, as shown in Fig. 3 b, d. This portability
emphasizes the robustness and generality of our representation and training
protocol. Here too, Δsid+ Δs2 is a poor approximation of the entropy, and
the WT-MetaD estimate of the melting temperature is consistent with a
partial cancellation of errors in the enthalpy and entropy differences.

Discussion
To conclude, we present a machine-learning approach to estimate free-
energy differences between metastable states that are separated by high
barriers without sampling transitions between them. It does so by
formulating the entropy difference as a sum over MI at different length
scales. Then, the contribution of each length scale is obtained by opti-
mizing a convolutional neural network. Our approach predicts the
melting temperature of Na and Al using only short simulations of each
phase separately, and without requiring collective variables or samples
of the transition pathway.

WhileMICE shows state-of-the-art accuracy in entropy estimation for
atomic systems, there is still much room for improvement. First, the voxel-
based encoding may introduce spurious correlations and is not natural for
molecular data: it neglects symmetries and local bonding, potentially dis-
torting or omitting relevant information. This could be improved by
adopting a graph-like representation with molecularly informed embed-
dings that better respect symmetry and local structure, as was done in a
different context36–38. Second, the MINE estimator at the core of our
approach31 is optimized with stochastic, finite-batch gradients, which are
biased and can inflate MI in the high-MI regime (see Supplementary
Information for details). Using recently developed MINE variants that
address bias may improve performance. These directions will be pursued in
future research.

Methods
Molecular dynamics simulations
To benchmark our method, we performed well-tempered Metadynamics
(WT-MetaD) simulations following the protocol of Piaggi et al.35 using
LAMMPS (15Jun2023)39 and enhanced-sampling algorithms library
PLUMED 2.8.340–42. We ran NPT WT-MetaD simulations in the tem-
perature ranges 300–400 K for Na and 850–950 K for Al, using their
respective embedded atom models (EAM)43,44. We used the pair entropy s2
and the enthalpy per atom as CVs. For Na, we depositedGaussian hills with
an initial height of 2.5 kJ mol−1 every 500 steps with widths of 0.2 kJ mol−1

(enthalpy per atom) and 0.1 kB (s2). For Al, we used a larger initial height of
7.5 kJ mol−1 and widths of 0.3 kJ mol−1 (enthalpy) and 0.1 kB (s2), keeping
the same deposition stride. A bias factor of 30 was used for both systems.

Fig. 1 |MI estimations for liquid and crystallineNa. (left) Training curves for solid
(blue, upper plot) and liquid (orange, bottom plot) Na close to Tm. Bold lines
represent running averages over 5000 steps and dashed lines are the converged
values over last 104 steps. (middle)MI estimation for a system of fixed physical size as
a function of the spatial resolution. The estimate plateaus at high resolutions. At very
fine resolutions the voxelization is more faithful but requires substantially larger

networks (for a fixed physical size). Under a fixed training budget, those larger
models may not be trained as thoroughly, leading to a mild drop in MI estimation.
(right) Estimation ofMI between twohalves of a cubic subsystem, as a function of the
interface area. The dashed lines show a linear trendline, showing that large systems
obey an area law. The corresponding figures for Al data are presented in SI.
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Convergence was assessed as in ref. 35. We used a Parrinello-Rahman
barostat at 1 bar acting on a triclinic simulation cell, allowing isotropic
volume fluctuations while relaxing shear components to zero. Simulations
were performed on a 5 × 5 × 5 supercell for Nawith 250 atoms and a 4 × 4 ×
4 supercell for Al with 256 atoms.

To generate data forMICE,weperformedunbiasedMDsimulations of
Na andAl separately in the solid (bcc and fcc, respectively) and liquidphases
with LAMMPS. Collective variables were tracked using PLUMED2.8.340–42,
but not used for biasing the dynamics. Temperature was maintained at 365
K for Na and 900 K for Al, close to the experimental melting points, using a
stochastic velocity-rescaling thermostat45 with a relaxation time of 0.1 ps.
Early exploratory tests indicated that, for a fixed subsystem size, the esti-
mated MI exhibits only a weak dependence on temperature over the range
considered (up to 30K away from the melting temperature).

The pressure was set to 1 bar using the isotropic Parrinello-Rahman
barostat on an orthorhombic cell46 with a relaxation time of 10 ps. Simu-
lationswere performedonan8×8 × 8 supercellwith 1024 atoms forNa and

2048 atoms for Al. We ran 20 independent replicas with different seeds for
each element andphase, and sampled configurations every 5 ps, for a total of
40000 data points, which were evenly split into training and validation sets.

Although MICE ultimately operates on smaller subsystems when
estimating MI, we performed the MD simulations on larger supercells to
mitigate finite-size and periodic-boundary artifacts. In particular, using
larger cells reduces interactions of atoms with their periodic images, and
finite-size biases to the phononic dispersion at long wavelengths. Larger
supercells are also necessary for the MI extrapolation procedure, which
requires MI estimates across multiple subsystem sizes. Since MICE only
requires training data from short, unbiased simulations, the cost of
increasing the supercell in comparison to WT-MetaD is minimal.

Neural-network training
Trainingdatawasobtainedby taking sub-volumes of the simulationbox.X0,
the biggest subsystem used in Eq. (4), was taken to be a cubic volume
containing, on average, 60 atoms for Na and 50 for Al, i.e., about a third of
the linear size of the simulation box, to avoid periodic imaging effects. For
each snapshot, a sub-volume was chosen at a random location and orien-
tation, uniform over the simulation box and SO(3), respectively. Aug-
mentation was especially important for the solid samples, where the MI
estimate was 25% smaller without augmentation. Each such sub-volume
was discretized into a binary n × n × n voxel lattice, marking cells 1 if they
contain a particle and 0 otherwise. The resolution was chosen to be fine
enough such that a voxel never contains more than one particle. Samples of
smaller volumes, X1, X2, etc., were obtained by cropping samples of X0.

The function T was parameterized with a 3D convolutional network
composed of four successive convolutional blocks with LeakyReLU acti-
vation, 0.15 convolutional dropout and adaptive max pooling to target
output sizes (20, 10, 5, 2). Starting with c = 22 channels, the width is scaled
by a 2.5 factor at each block. Finally three fully connected layers with 0.3
dropout47 were used. Weights were initialized with Xavier uniform that
samples weights from a uniform distribution with variance chosen to
stabilize gradient magnitudes across layers48. For optimization, we used
the adaptive first-order stochastic gradient optimizer Adam that uses
running estimates of the first and second moments of the gradient
(learning rate 3 × 10−5, batch size 1200) for 1.5 × 105 batches49. An
exponentialmoving average estimatorwasmaintainedwith rate 2.5× 10−7

and starting value 10−5.

Fig. 2 | MI density across successive partitions. Starting from the rightmost panel,
the system is halved along a different dimension at each step, and MI is computed
across the resulting interface. Because the three cut directions cycle, the interface
area is unchanged every third partition while the subsystem volume halves at every
step (e.g., iterations 2-3). Consequently, the MI density doubles between such
iterations.

Fig. 3 | Gibbs free energy of melting and its
enthalpic-entropic contributions for Na and Al.
a,bGibbs free energy ofmelting vs temperature. The
data for classical MD and MICE are generated from
sampled Δh and the entropy estimates Δsid + Δs2
and ΔsMICE, respectively. WT-MetaD data is shown
by the black points, and the linear fit through them
produces estimates of Δh and Δs. c, d Δh and TmΔs
calculated from classical MD, WT-MetaD and
MICE (enthalpy estimations for MICE and MD are
identical by construction).
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We note our experiments showed that, at least for smaller subsystems,
equivalent performance in MI estimation can be obtained with smaller
networks. However, since the goal of this work is just to demonstrate the
applicability of the method, we wanted to avoid any possible effects of
hyperparameter tuning, and chose to use the same architecture for all
subsystem sizes.

Data Availability
The datasets generated and analyzed during the current study are available
from the corresponding authors upon reasonable request. The minimal
dataset required to interpret, replicate, and build upon the findings of this
study is publicly available at GitHub50.

Code Availability
The Python code associatedwith the generation, processing, and analysis of
the data presented in this manuscript is available on GitHub50.
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